Abstract
2 Basic principles of hybrid BE-SEA method 1 The hybrid BE-SEA method was proposed by Gao et al. (2018) for the mid-2 frequency vibration of vibro-acoustic systems based on the concept of the hybrid FE-SEA 3 method. Due to the use of the BE method, the hybrid BE-SEA method provided an 4 appropriate model with modeling advantages when the deterministic part of the model is 5 a relatively large acoustic domain. 6 Without loss of generality, this section demonstrates the basic principles of the 7 hybrid BE-SEA method. In a vibro-acoustic system, the fluid is confined in a bounded 8 acoustic domain , as shown in Fig. 1 , of which the boundary surface contains a 9 velocity surface , an impedance (sound absorbing) surface and an elastic thin-10 surface; , impedance boundary surface; , elastic thin-structural surface. 15 where the vectors and n respectively represent the sound pressures and normal 1 velocities at nodal points on the boundary of the acoustic cavity. and are 2 constraint coefficient diagonal matrices corresponding to sound pressure and normal 3 velocity, respectively. is a constraint coefficient vector. The hybrid BE-SEA method 4 (Gao et al. 2018 ) may be employed for the mid-frequency vibration of the system. The 5 acoustic cavity modeled by the BE method is treated as the deterministic subsystem, while 6 the thin-walled structure modeled by SEA is treated as the statistical subsystem. 7
According to the hybrid BE-SEA method, the response of the statistical thin-walled 8 structure is viewed as the superposition of the direct and reverberant fields (see Shorter  9 and Langley 2005a). Considering the velocity and impedance boundary conditions and 10 the coupling interaction between the acoustic cavity and the direct field of the thin-walled 11 structure, the governing equation of the system can be written as (Gao et 
14 where ̅ n = , ̃= + , and are the influence matrices of sound 15 pressure and normal velocity, respectively. dir and are the dynamic stiffness matrix 16 and displacement vector of the direct field of the thin-walled structure, respectively. rev s 17 is the vector of the blocked reverberant forces. is a coupling coefficient matrix which 18 converts the sound pressure vector of the acoustic cavity into the nodal force vector of 19 the direct field of the thin-walled structure.
is the transformation matrix resulting from 20 the non-conforming grids appearing at the fluid-structure coupling face, is the angular 1 frequency, and i = √−1. For the sake of simplicity, Equation (2) will be written as 2 
7 where 8 
13
The cross-spectrum matrix of the deterministic DOF can be obtained by using 14 equations (4)- (9) . The only unknown quantity , at this time, can be calculated by 15 employing the power balance equation of the reverberant field of the thin-walled structure, 16 which is given by (see Gao et al. 2018 ) 17
19
Here, ℎ out rev and ℎ diss respectively represent the total energy leaving the reverberant 20 field of the thin-walled structure into the acoustic cavity and the total energy dissipating 1 by the damping of the thin-walled structure per unit modal energy density in the 2 reverberant field of the thin-walled structure. in = in dir + in ext is the total power input 3 to the statistical thin-walled structure, where in dir is the power arising from the force 4 applied to the acoustic cavity and in ext is the power caused by other sources applied 5 directly to the statistical thin-walled structure. The above parameters can be expressed as 6
where is the damping loss factor of the thin-walled structure, sa is a coupling 11 coefficient matrix which connects the shape functions of the grids of the acoustic cavity 12 and the direct field of the thin-walled structure (see Gao et al. 2018 
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Now inserting equations (15) 3 Topology optimization problem formulation 6 
Topology optimization model

7
Considering a vibro-acoustic system consisting of a deterministic acoustic cavity 8 and a statistical thin plate as shown in Fig. 2 , the acoustic cavity is a cuboid domain 9 coupled with a thin plate on the upper surface. A layer of sound absorbing material is 10 attached to the front surface of the acoustic cavity domain, and a velocity excitation is 11 applied over a region on its right surface. The other regions of the boundary of the acoustic 12 cavity domain are assumed to be acoustically rigid walls. By employing the hybrid BE-13 deals with the optimized layout of a given amount of sound absorbing material within a 1 prescribed design domain for minimizing the sound pressure level at a specified point 2 inside the cavity. The topology problem can be thus formulated as 3
where is the vector of the relative density design variables describing layout of the 6 sound absorbing material.
represents the total number of boundary elements in the 7 design domain, and each element has one design variable. ̃i n ( in ) represents the 8 objective function and is a diagonal element of in representing the power spectral 9 density of sound pressure (PSDSP) at a specified point in inside the acoustic cavity. It 10 is important to point out that the objective function can also be written as the sum of the 11 PSDSPs at more points (i.e.
= ∑〈 * 〉 , = 1,2 … ) to obtain an overall sound 12 pressure reduction in the acoustic cavity (Du and Olhoff 2010) .
represents the volume 13 fraction and 0 is the volume of sound absorbing material in the th boundary element 14 when =1. min is the lower bound of the relative density variables, which is set to 15 be 10 -6 to avoid possible numerical singularity. 16
Based on the framework of the SIMP approach, , and can be 17 respectively written as 18
where , ( ) is the admittance matrix of the th element of the sound absorbing layer. 5
The penalty factor >1 is set to be =3 in this study. and are location vectors 6 corresponding to velocity and impedance boundary conditions, respectively. 0 ( ) is the 7 velocity vector of the th element of the velocity surface, and represents the total 8 number of boundary elements on the velocity surface. From equations (24)-(25), it is clear 9 that and remain unchanged during the topology optimization process. 10
Sensitivity analysis
11
For solving the optimization model of equation (22) with a gradient-based 12 mathematical programming algorithm, it is necessary to perform sensitivity analysis of 13 the objective and constraint functions with respect to the design variables. The sensitivity 14 equation for the PSDSP is derived by direct differentiation, as follows. 15 Differentiating the objective function in equation (22) 
16
Derivatives of the thin plate energy and the total dynamic stiffness matrix with 17 respect to the th design variable respectively appear in equations (37) and (38). By using 18 equations (2), (3) and (33), tot can be expressed as 19
2 Inserting equations (36)-(40) into equation (35), it can be seen that is the only 3 unknown quantity. Differentiating equation (10) 
By using equations (11) and (13), the partial derivative terms on the right of equation (41) 7 can be written as 8 The design domain of a sound absorbing layer is connected to the right surface of 7 the acoustic cavity (the hexagon filled area in Fig. 3) . A unit velocity excitation is applied 8 over a square region (see the diagonal area in Fig. 3 The impedance of the sound absorbing material is set to be a large real number 10 40 , 2 and all element-relative densities of the sound absorbing material in the design domain 3 are set to be 1. The frequency range considered here is from 1 Hz to 400 Hz with a 4 frequency step of 1 Hz. Since the acoustic cavity and each thin plate respectively have 7 5 and 79 modes below 400 Hz, which illustrates the modal density of the acoustic cavity 6 and each plate are significantly different, the systems will exhibit typical mid-frequency 7 vibration behavior consisting of a deterministic acoustical behavior and a statistical 8 structural behavior, within the frequency range of interest. In the hybrid BE-SEA model, 9 the acoustic cavity is modeled by using the BE method, while the two plates are modeled 10 by using SEA. A pure FE model is employed in the Monte Carlo simulation, and a regular 11 fine FE mesh requires to be established to capture detailed deformation. Considering the 12 influence of the uncertainties of the system, an ensemble consisting of 500 samples is 13 generated by randomly choosing 200 points within each plate and adding 0.1% of the 14 mass of one plate at each point. 15 It is important to point out that appropriate element sizes should be chosen for the 16 parts modeled using element-based techniques in the two methods, i.e. at least six element 17 per wavelength. Table 1 gives the details of the parts modeled using element-based 18 techniques and the time cost by two methods. As can be seen from Table 1 calculated by using the hybrid BE-SEA method and the Monte Carlo simulation is shown 4 in Fig. 4 . As can be seen from Fig. 4 , the resulting curves of 500 samples are concentrated 5 at lower frequencies, which confirms that the system uncertainties have little impact on 6 the system responses when the system is subjected to long wavelength deformation. In 7 consideration of the sufficient uncertainty the hybrid BE-SEA has assumed over the entire 8 frequency range, significant discrepancies can be observed between the results calculated 9 with the two methods at lower frequencies. 10 Table 1 As the frequency increases, the system response becomes very sensitive to the 7 uncertainties of the system, and the resulting curves of 500 samples become dispersed. 8
The hybrid BE-SEA method predicts well the average trend of the pure FE method 9 calculations with perturbed plate mass at higher frequencies. Setting the excitation frequency to be 415 Hz, the partition of the system can be 7 performed by wavelength analysis for the acoustic cavity and the two plates. Here, the 8 acoustic cavity is modeled using the BE method, while the two plates are modeled using 9 SEA. Element sizes chosen for the parts modeled using element-based techniques are the 10 same as those in Table. In the following, topology optimization for the vibro-acoustic system is considered. 1
The point (0.60, 0.50, 0.25) is adopted as the reference point. The impedance of the sound 2 absorbing material is set as 0 =4 a 0 . All initial design variables are set to be 0.4, and 3 the upper limit of the volume fraction of the sound absorbing material is given as =0.5. 4
The optimization procedure converged after 21 iterations, and the iteration histories of 5 the objective function and volume fraction are shown in Fig. 6 . As can be seen, the PSDSP 6 decreases significantly from 196065.61 Pa 2 /Hz in the initial design to 52063.696 Pa 2 /Hz 7 in the final optimized design, and the volume fraction of the sound absorbing material 8 reaches the upper limit. The sound absorbing layer layout and the contour of the PSDSP 9 of the design domain for the initial and the optimized design are shown in Fig. 7 . As can 10 be seen, the sound absorbing material is concentrated in the places where there is a high 11 PSDSP in the initial design, which indicates that incident sound waves reflect strongly at 12 Hz -500 Hz for the initial and optimized designs. As can be seen, the natural frequencies 4 of the system remain unchanged in the optimization process. Although the excitation 5 frequency selected in the optimization process is 415 Hz, the PSDSP at the reference point 6 decreases over the whole frequency range. However, it is important to point out that the 7 dynamic optimization problem for a vibro-acoustic system is highly nonconvex. A locally 8 optimized design is generally obtained by using a gradient-based mathematical 9 programming algorithm, but such solutions may provide helpful guidance at the 10 conceptual design stage. 11 The optimized designs obtained under each excitation frequency are shown in Fig.  1 9. As can be seen, the topology optimization process gives essentially the same optimized 2 designs under most selected excitation frequencies, except for 491 Hz. Moreover, 3 although the optimized design obtained under excitation frequency 491 Hz is obviously 4 different from that obtained under the other seven selected excitation frequencies, the 5 central area of the design domain (the area drawn by the red circle in Fig. 9 ) is always 6 covered with sound absorbing material, which indicates that incident sound waves reflect 7 strongly at the central area. This is natural since the direction of the velocity excitation 8 points exactly to the central area of the design domain. 9
The first five optimized designs are further studied because the last three optimized 10 designs are very similar to the first three optimized designs. The curves of PSDSP at the 11 reference point in the frequency range of 300 Hz -500 Hz for the initial and first five 12 optimized designs are shown in Fig. 10 . As can be seen, the PSDSP at the reference point 13 decreases over the whole frequency range for the first five optimized designs. In addition, 14 the five curves of PSDSP corresponding to the first five optimized designs are very close, 15 which illustrates the importance of the central area of the design domain. 16 Consider now the topology optimization over the whole frequency band. Selecting The optimized design obtained using an envelope function over the whole frequency 3 range as the objective function is shown in Fig. 11 . As can be seen, it is almost the same 4 as the optimized design obtained in Fig. 8 under 348 Hz or 425 Hz. Fig. 12 gives the 5 comparisons between the PSDSP at the reference point in the frequency range of 300 -6 500 Hz for the initial and the optimized designs. As can be seen from This paper performs the sensitivity analysis and topology optimization of a sound 2 absorbing layer for minimizing the PSDSP at a specified point in the acoustic cavity when 3 a vibro-acoustic system exhibits mid-frequency behavior. In the topology optimization 4 model, an artificial sound absorbing material model is employed using the SIMP approach 5 and the relative densities of the sound absorbing material are taken as design variables. 6
The PSDSP of the acoustic cavity are calculated by using a hybrid BE-SEA method. In 7 this context, the sensitivity analysis scheme of the PSDSP at a given reference point is 8
developed by using the direct differentiation method. The optimized designs obtained 9 under different excitation frequencies and using an envelope function as the objective 10 function are also compared. The optimization process gives essentially the same 11 optimized designs over a relatively wide frequency range. Moreover, due to the strong 12 reflection of sound waves, the central area in the design domain which faces the region at 13 which the velocity is applied is always covered with sound absorbing material. 14 15
